We propose that topological spin currents flowing in topologically non-trivial magnetic textures, such as magnetic skyrmions and vortices, produce an intrinsic non-adiabatic torque of the form Tt ∼ [(∂xm × ∂ym) · m]∂ym. We show that this torque, which is absent in one-dimensional domain walls and/or non-topological textures, is responsible for the enhanced non-adiabaticity parameter observed in magnetic vortices compared to one-dimensional textures. The impact of this torque on the motion of magnetic skyrmions is expected to be crucial, especially to determine their robustness against defects and pinning centers.
I. INTRODUCTION
The search for the efficient electrical manipulation of magnetic textures has recently received a major boost with the observation of ultrafast current-driven domain wall motion in non-centrosymmetric transition metal ferromagnets 1-4 , and very low depinning current threshold of bulk magnetic skyrmions [5] [6] [7] . The latter are topological magnetic defects 8 that present some similarities with the more traditional magnetic vortices [9] [10] [11] [12] . In both cases, the magnetic topology induces a Lorentz force on the flowing electrons, resulting in topological Hall effect 8, 13 (see also Ref. 14) . Both classes of magnetic textures also experience a Hall effect when driven by an electric flow, an effect sometimes referred to as skyrmion Hall effect 8 . In fact, it is important to emphasize that the current-driven characteristics of skyrmions are mostly similar to that of magnetic vortices. For instance, the universal current-velocity relation 15, 16 , as well as the colossal spin transfer torque effect at the edge 17 have already been predicted in the case of magnetic vortices 9 . Notwithstanding, skyrmions display some striking differences with respect to magnetic vortices. As a matter of fact, vortex walls are non-local objects composed of a vortex core and two transverse walls [9] [10] [11] [12] , expanding over several exchange lengths in the wire. In contrast, skyrmions are localized objects with a limited expansion from a few tens to hundred nanometers 8 . This localization has a dramatic impact on the manner skyrmions behave in the presence of pinning centers (defects, notches etc.). When driven by a current, they can deform their texture, and thereby avoid pinning [15] [16] [17] [18] [19] [20] . In contrast, magnetic vortices are much more sensitive to defects and get easily pinned.
Since the robustness of skyrmions with respect to defects might hold the key for efficient ultra-dense data storage 21 , it is crucial to develop a precise understanding of the nature of the torque exerted on these objects. Recently, Iwasaki et. al. have shown that such a robustness is partly due to the presence of a large non-adiabatic torque 15 . Indeed, in magnetic textures the spin transfer torque can be generally expressed as
where u is the direction of current injection, m = M/M s is a unit vector in the direction of the magnetization M and M s is the saturation magnetization. The first term in Eq. (1) is the adiabatic torque while the second term is the non-adiabatic torque 22, 23 . It is well known that while the non-adiabatic parameter in transverse walls is quite small β ≈ α (α being the magnetic damping of the homogeneous magnet), it is much larger in magnetic vortices, β ≈ 8−10α [10] [11] [12] 24 . To the best of our knowledge, there is currently no available estimation of the non-adiabaticity parameter in skyrmions, but one can reasonably speculate that it should be of the same order of magnitude as that of magnetic vortices. The recent avalanche of experimental observations of magnetic skyrmions in transition metal multilayers might soon shed light on this question [25] [26] [27] [28] [29] .
That being said, the nature of non-adiabaticity in skyrmions and vortex walls has been scarcely addressed. In transverse domain walls, two major physical mechanisms have been uncovered: spin relaxation 22 and spin mistracking 30 . Spin relaxation produces a non-adiabatic torque β ∼ τ ex /τ sf , where τ ex is the precession time of the spin about the local magnetization, while τ sf is the spin relaxation time. Spin mistracking is the quantum misalignement of the flowing electron spin with respect to the local magnetic texture and provides a non-adiabaticity parameter β ∼ e −ξλ dw that exponentially decreases with the domain wall width λ dw . It is therefore limited to extremely (atomically) sharp domain walls 31, 32 . We also recently showed that spin diffusion enhances the non-adiabatic torque when the domain wall width is of the order of the spin relaxation length 33 . However, none of these effects explains the large difference in non-adiabaticity between transverse walls on the one hand and skyrmions and vortices on the other hand. In a recent work, we proposed that the topological currents induced by the topological Hall effect can enhance the non-adiabatic parameter in magnetic vortices 24 . Such an intimate connection between topological Hall effect and non-adiabaticity has also been pointed out by Jonietz et al. 5 , but to the best of our knowledge, no theoretical work addresses this issue thoroughly, and all micromagnetic simulations on skyrmions dynamics so far assume a constant β parameter [15] [16] [17] [18] .
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As an in-depth follow-up of Ref. 24 , the present work investigates the nature of the non-adiabaticity in skyrmions analytically and numerically, and demonstrates that the texture-induced emergent magnetic field inherent in these structures, induces a non-local nonadiabatic torque on the magnetic texture. We provide an explicit expression of the torque and highlight its connection with the spin and charge topological Hall effect.
II. EMERGENT ELECTRODYNAMICS

A. Premises
It is well-known that when conduction electrons flow in a smooth and slow magnetic texture, m(r, t), their spin adiabatically changes orientation so that these electrons acquire a Berry phase [34] [35] [36] [37] . This geometrical phase is attributed to an emergent electromagnetic field (E em , B em ) determined by the magnetic texture gradients 31, [38] [39] [40] [41] [42] [43] . Indeed, a time-dependent magnetic texture induces local charge and spin currents through the action of the socalled spin electromotive force 38, 40, [44] [45] [46] [47] [48] . For the sake of completeness, we derive below this emergent electromagnetic field. Let us considering the simplest Hamiltonian of an s-d metal in the presence of a smooth magnetic texture given asĤ
The Schrödinger equation corresponding to Eq. (2) can be re-written in the rotating frame of the magnetization, using the unitary transformation U = e −i θ 2σ ·n where n = z × m/|z × m| to obtaiñ
where the vector and scalar potentials are given respec-
As a consequence, the spin-polarized carriers feel an emerging electromagnetic field on the form 31,39-48
The electric field is proportional to the first derivative in time and space and therefore a moving magnetic texture induces a charge current 31,40-43 and a self-damping 44, 47 . The effect of the magnetic field has so far been overlooked as it requires a second order derivative in space, and is generally considered small. Interestingly, this emergent magnetic field turns out to be crucial to understand the spin transport involved in these textures. Indeed,it creates a local ordinary Hall current such that the spindependent local charge current driven by the external electric field reads
where σ s 0 and σ s H are respectively the spin-dependent longitudinal and ordinary Hall conductivities, E is the external electric field, and B H = |B s em |. Inspecting Eq. (5), we note that there are two sources of charge or spin currents (i) through the external electric field E and (ii) through the emergent electric field driven by the timevariation of the magnetic texture, E s em . Therefore, our calculation is able to capture the physics of the motion of the itinerant electrons [Topological (spin) Hall effect] or the magnetic texture itself [skyrmion (vortex) Hall effect]. Let us now assume a rigid magnetic structure for which the time derivative of the magnetization is such that ∂ t M = −(v·∇)M, where v = v x x+v y y is the velocity of the magnetic structure, and, without loss of generality, an electric field applied along x such that E = Ex. We can obtain the expressions for the local spin current tensor, 
where ν, µ ∈ (x, y). Finally, ⊗ is the direct product between spin space and real space. Eqs. (6a) and (6b) constitute a central result in this work. They contain information about the motion of itinerant electrons as they traverse a smooth magnetic texture. Indeed, in its explicit form, one is able to explain the subtle difference between nonadiabatic transport in one-and two-dimensional textures. In particular, in addition to the usual constant adiabatic spin current moving along the direction of the applied current (∼ x) common in one-dimensional textures, the presence of a non-zero topological charge, N xy = 0 (as it is the case for magnetic skyrmions and vortices), leads to a texture-induced emergent magnetic field that induces an additional spatially varying spin current along both the longitudinal (∼ x) and transverse (∼ y) directions to the electric field E. This longitudinal spin current is responsible for (i) topological spin and charge Hall effects already observed in topological textures such as skyrmions 8, 13, 39 (see also Ref. 14) and as we propose, (ii) enhanced non-adiabaticity already observed in vortices 24 . To clarify a potential mis-conception, we note here that magnetization variation in more than one direction is a necessary but not sufficient condition to observe these effects. The sufficient condition is a non-zero topological charge (N xy = 0), which is the case for magnetic textures such as vortices and skyrmions.
The topological charge and spin Hall effects arising from the magnetic texture induced-emergent electromagnetic field given by Eq. (4) can be quantified by the charge and spin Hall angles defined respectively as θ TH = tan 
where Q is the topological number defined as Q = 1 4π
N xy d 2 r. From Eq. (7), one can straightforwardly deduce that θ TSH ≈ −P H θ TH which, although very simple, turns out to be far reaching as it captures most of the important physics in static magnetic textures as confirmed by our numerical calculations in the following section.
B. Topological spin torque
In the previous section, we reminded the basics of the topologically-driven spin and charge currents in magnetic textures. Let us now investigate the impact of this spin current on the dynamics of the magnetic texture itself. By virtue of the spin transfer mechanism, this spin current exerts a torque on the local magnetization, T t = −∇ · J s , which explicitly reads
A remarkable consequence of Eq. (8) is that, since ∂ y m ∼ m × ∂ x m in magnetic vortices and skyrmions, the finite topological charge (N xy = 0) induces an intrinsic topological non-adiabatic spin transfer torque. This non-adiabatic torque is intrinsic as it does not rely on impurities or defects (in contrast with the non-adiabaticity studied in Refs. 22 and 33), and topological since its origin is associated to the topology of the magnetic texture.
To quantify these effects, we study the dynamics of an isolated magnetic skyrmion and vortex under the action of the torque given in Eq. (8) in the context of Thiele formalism of generalized forces acting on a rigid magnetic structure 49 . The equation of motion governing the dynamics of these structures is given by the extended LLG equation
where the torque T is given as
with β being a spatially constant non-adiabatic parameter arising from, e.g., spin relaxation 22 . To make our analysis simple without missing any interesting physics, we adopt the magnetization profile of an isolated skyrmion and vortex core in spherical coordinates as m = (sin θ cos Φ, sin θ sin Φ, cos θ), where the polar angle θ is defined for an isolated skyrmion as cos θ
2 ) → 0 for R r 0 . Using these profiles, we obtain the analytical expressions of the velocity components as
where the effective paremeters η eff , β eff and α eff depend on the magnetic texture. For the sake of completeness only, we consider the effect of the renormalization of the gyromagnetic ratio represented by η eff which is of order of unity and equals 1 + i . However, this is not the focus of this study as this effect is very small and can be neglected.
C. Non-adiabaticity parameter
The dynamics given by Eqs. (11a) and (11b) correctly describes the motion of both an isolated skyrmion and vortex core. The dynamics of these two structures is very similar, the major difference being contained in the effective parameters η eff , β eff and α eff . The first effective parameter of interest in this study is β eff , which provides a direct connection between emergent fieldinduced topological Hall effect and non-adiabaticity. Indeed, while there has been much discussion about the mechanisms responsible for non-adiabatic spin transfer in the literature 22, 30 , the proposed mechanisms although very successful in describing non-adiabatic effects in onedimensional domain walls, have failed to address the large non-adiabaticity measured in vortex walls. Here, we show that emergent-field induced topological torque gives rise to an additional non-adiabatic torque and a resulting ef-fective non-adiabaticity parameter given as
where the geometric factor C = 1 + ln R/r 0 . Eq. (12) reveals that associated with these textures is an intrinsic non-adiabaticity parameter which results in an overall enhancement of their one-dimensional and/or nontopological counterpart, β. This enhancement of the non-adiabaticity parameter is a direct consequence of the topology-induced transverse spin current J y s , as shown in Eq. (6a).
D. Damping parameter
In the context of magnetic textures dynamics, it is practically impossible to discuss the non-adiabaticity parameter β eff without a mention of the damping parameter α eff as both parameters govern the motion of these structures, see Eq. (11b). Different mechanisms for magnetic dissipation have been proposed 44, 47, [50] [51] [52] [53] [54] . Our calculation reveals that a non-steady state magnetization induces an emergent electric field that results in an intrinsic damping solely due to the topological nature of these textures and thus an overall enhancement of the damping given as
which is consistent with Ref. 47 . These result are far reaching as they provide a very transparent mechanism which explains the subtle difference in the measured non-adiabaticity in vortices compared one-dimensional domain walls 24 . However, as we have shown, two dimensional magnetization variation is a necessary but far from a sufficient condition for this effect, with the sufficient condition being a non-zero topological charge (N xy = 0) as discussed in preceding section.
III. NUMERICAL RESULTS
A. Tight-binding model
The derivation proposed in the previous section relied on the adiabatic transport of conduction electrons in a smooth and slowly varying magnetic textures. In other words, the spin of the conduction electrons remains aligned on the local magnetization direction and no spin mistracking is considered 30 . In principle, these formulas do not hold when the magnetic texture becomes sharp (i.e. when the skyrmion size is of the order of the spin
Schematic diagram of tight-binding system made up of a central scattering region (isolated magnetic skyrmion/vortex) attached to two ferromagnetic leads (red boxed) L and R at chemical potentials µL and µR respectively. To ensure smooth magnetization variation from the leads to the scattering region, we consider an optimal system size compared to the radius (R r0).
precession length). In this section, we verify our analytical results numerically using a tight-binding model to test the validity of the adiabatic model discussed in the previous section. The local spin/charge densities and currents as well as the corresponding spin transfer torque are computed numerically using the non-equilibrium wave function formalism 55 . The system is composed of a scattering region containing an isolated skyrmion or vortex core, attached to two ferromagnetic leads as shown in Fig. 1 . We model this system as a two dimensional square lattice with lattice constant a 0 , described by the Hamiltonian
where i is the onsite energy, t is the hopping parameter, the sum < ij > is restricted to nearest neighbors, m i is a unit vector along the local moment at site i coupled by exchange energy of strength J sd to the itinerant electrons with spin represented by the Pauli matricesσ. The label i and j represent the lattice site and c
+ is the usual fermionic creation operator in the spinor form. The z-axis is chosen as the quantization axis while the x-axis is the direction of current flow. For all our numerical calculations except stated otherwise, we used the parameters: hopping constant t = 1, exchange energy J sd = 2t/3, onsite energy i = 0, transport energy F = −4.8J sd , bias eV = 0.1J sd , and a large system size of 401 × 401a 2 0 to ensure smooth magnetization variation from system to leads to avoid unphysical oscillations of torques close to the leads. The local spin density S α n at site n and local spin current density J α n−1 between site n − 1 and n at a particular transport energy for electrons from the α-lead can be calculated from their respective operators
FIG. 2. Two-dimensional profile of torque components showing contributions from different spin current sources. The adiabatic torque is dominated by the contribution from the longitudinal spin current (a) compared to the transverse spin current (b). The converse is true for the non-adiabatic torque which is dominated by contribution from the transverse spin current (d) compared to the longitudinal spin current (c).
and 
where f α is the Fermi-Dirac function for lead-α. A similar formula apply for J n−1 . The corresponding charge density and current density can be obtained from Eqs. (14) and (15) by replacing 2 σ by eI where I is the 2 × 2 identity matrix.
B. Results and discussion
Our objective in this section is to ascertain the source of the different contributions to the adiabatic and nonadiabatic torques to uncover their respective microscopic origin and establish a direct correspondence with our theoretical predictions in Section II. The most natural and reliable method for calculating the torque T n at site n on the local moment m n is by using the local spin densities as since this is a conserved quantity, and therefore well defined. However, this method gives little or no information about the microscopic origin of the torque. Therefore, we also calculate the torque from the local spin current as
This way, we are able to unambiguously separate the different contributions to the torque arising from the spin current along y and x, quantify its origin, and compare our numerical results with our analytical predictions. A caveat to this method however is that the spin current is a non-conserved quantity especially in systems with spin-orbit coupling or sharp magnetic textures (i.e. sizable spin mistracking). This notwithstanding, since our considerations are based on smooth magnetic textures we can argue that the spin current is well defined and to make sure of this, we used both definitions of the local torque and ensured that the calculated torque using both methods are the same. We deduce the local adiabatic T ad n and non-adiabatic T na n torque contribution from the calculated local torque T n by recasting the local torque in the form T n = T ad n ∂ x m n − T na n m n × ∂ x m n . Throughout this study except otherwise stated, the torques are reported in units of 2J sd / .
Our numerical results for the two-dimensional profile of spin transfer torque components [calculated using the spin current definition in Eq. (18) ] for an isolated skyrmion of core radius 10a 0 is shown in Fig. 2 . As shown in Figs. 2 (a) and (b) , the adiabatic torque is dominated by the contribution of the longitudinal spin current (J 6a) and (8) . Fig. 3 displays the one-dimensional profile of the torque components obtained by summing over the transverse direction for a skyrmion radius r 0 = 10a 0 . Consistently with Fig. 2 , these results show that the nonadiabatic torque is dominated by the texture-induced transverse spin current while its adiabatic counterpart is dominated by the longitudinal spin current. In addition, we also performed these calculations using Eq. (17) (open circles). The results obtained by this method overlap with the results obtained using Eq. (18) . This indicates that for skyrmions with radius r 0 ≥ 10a 0 the spin mistracking is negligible.
Finally, we investigated the scaling laws governing the different contributions of the topological torque components with respect to the skyrmion radius. To achieve this, we calculated the normalized adiabatic and nonadiabatic torque components by integrating the projections of the local torque on m × ∂ y m and m × ∂ x m respectively and normalize accordingly i.e.
As shown in Figs. 4(a) and (b) , while the adiabatic torque is almost independent on the skyrmion radius, the non-adiabatic torque shows a substantial dependence on the skyrmion radius r 0 which is in accordance with our analytical results. As a matter of fact, a simple fit of our numerical data to our analytical result given by Eq. (8), yields an effective non-adiabatic parameter β eff = 3.5β for a skyrmion radius of 10a 0 , where β is the constant non-adiabaticity parameter obtained in the limit of very large skyrmion radius. For all the range of skyrmion sizes investigated, we also find that the adiabatic assumption exploited to derive the torque expression, Eq. (8), is valid. In other words, it confirms that the large non-adiabatic torque in topologically non-trivial magnetic textures can not be explained by spin mistracking.
IV. CONCLUSION
We investigated the nature of adiabatic and nonadiabatic spin transfer torque in topologically non-trivial magnetic textures, such as skyrmions and magnetic vortex cores. We showed that the topological spin current flowing through such textures induce an intrinsic topological non-adiabatic torque, T t ∼ [(∂ x m × ∂ y m) · m]∂ y m. Our numerical calculations confirm the physics highlighted by our analytical derivations and confirm that spin transport is mostly adiabatic up to a very good accuracy in these structures, thereby ruling out spin mistracking. Besides providing a reasonable explanation for the enhanced non-adiabaticity in skyrmions and magnetic vortices, our theory opens interesting perspectives for the investigation of current-driven skyrmion dynamics. As a matter of fact, it has been recently proposed that the peculiar robustness of magnetic skyrmions against defects is related to the presence of non-adiabaticity 15 . Therefore, understanding the role of this topological non-adiabatic torque when magnetic skyrmions interact with defects is of crucial importance to control current-driven skyrmion motion and achieve fast velocities [5] [6] [7] 25, 29 .
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